The purpose of this work is to provide an experimental demonstration for the development of sinusoidal oscillations in a fractional-order Hartley-like oscillator. The solid-state fractional-order electric double-layer capacitors were first fabricated using graphene-percolated P(VDF-TrFE-CFE) composite structure, and then characterized by using electrochemical impedance spectroscopy. The devices exhibit the fractional orders of 0.6 and 0.74 respectively (using the model over the frequency range 200 kHz −6 M Hz (R s < 15 Ω). Then, we verified using these fractional-order devices integrated in a Hartley-like circuit that the fractional-order oscillatory behaviors are of orders 2.6 and 2.74.
Introduction
In recent years, considerable interest has been devoted to the use of fractional-order calculus in several areas of science and engineering, including viscoelasticity [1] , boundary layer defects in ducts [2] , fractional kinetics [3] , electrodeelectrolyte interfacial processes [4] , and many other systems [5] [6] [7] . Fractional-order electrical oscillators, in particular, were introduced in [8] where a classical Wien-bridge oscillator was studied in the event that its two ideal capacitors are replaced by fractional-order capacitors. In these capacitors, the time-domain current-voltage relationship is given by the fractional-order derivative:
where α is the order of differentiation, also known as the dispersion coefficient (0 < α < 1), and C α is the pseudocapacitance measured in units of F sec α−1 . When one (or more) of these capacitors is employed with other components in a circuit, it is described by a set of fractional-order differential equations in the time domain [21, 22] . However, applyinb the Laplace transform is also valid for in fractional calculus which leads in the frequency-domain to an impedance Z c = 1/(jω) α C α [9] where * Corresponding author Email address: elwakil@ieee.org (A. S. Elwakil) (jω) α = ω α cos(απ/2)+j sin(απ/2)) = R(ω, α)+jX(ω, α) (1) In [8] no experimental results were shown since practical fractional-order capacitors did not exist at that time. However, following the work of Biswas et al. [10] , experimental tests were carried out by Radwan et al. [11] to show the existence of sinusoidal oscillations in oscillators of order n < 2, and verify that these oscillators operate at much higher frequencies than their integer-order counterparts due to dissipative effects. Fractional-order oscillators of order 2 < n < 3 were conceptually studied by Radwan et al. [12] , but not verified experimentally. Many other authors have demonstrated oscillatory behavior and chaos using approximate realizations of fractional-order capacitors in the form of integer-order RC-trees [13] On the other hand, a fractional-order relaxation oscillator was first studied in [14] and experimentally verified using an RC-tree emulator of the fractional capacitor. Recently, another fractional-order relaxation oscillator [15] was studied making use of the fractional properties of some commercially available supercapacitors [16] . However, supercapacitors are mainly designed for energy storage applications and thus have large values of pseudocapacitances. Therefore, they can only be used to realize very low frequency oscillators [15] . Significant effort has been ongoing in order to fabricate well characterized fractional-order capacitors that can perform well in low and high frequencies alike while having suitably low pseudocapacitance values for various electronic circuit applications including filters and oscillators [17] [18] [19] .
In the present work we (i) fabricate two reduced-graphene oxide-based fractional-order capacitor devices and precisely characterize them by using an electrochemical workstation to estimate their individual fractional-orders, pseudocapacitances and the bandwidth of operation and then (ii) experimentally validate the existence of sinusoidal oscillations in a Hartley-like oscillator, which employs, in addition to the two fabricated devices two more commercial inductors (see figure 1) . This means that the overall order of the oscillator is 2 + α.
In this regards, the fractional-capacitors (fabricated by pressing a composite mixture of P(VDF-TrFE-CFE) polymer with appropriate amounts of reduced graphene oxide (rGO) filler between two current collectors) were found to have orders of approximately 0.6 over the frequency range 10 kHz − 7 M Hz for the first device and 0.74 over the frequency range 210 kHz−6.5 M Hz for the second device. In addition, the pseudocapacitances of the devices were found to be approximately 93 nF sec −0.4 and 1.5 nF sec −0.26 , respectively, with less than 15 Ω internal resistances. Hence the order of the tested oscillators are approximately 2.6 and 2.74.
Oscillator

Integer-order oscillator
Consider the oscillator with LC feedback shown in figure 1, which is a derivative of the Hartley oscillator. The capacitance C is considered to be ideal in this case. Assuming the two inductors are similar with inductance L and an internal parasitic resistance r, it can be shown that the characteristic equation of this oscillator is: from which applying the oscillation start-up (marginal stability, i.e. ab = c) condition yields
For R >> r, this condition simplifies to the relation:
For ideal inductors (r → 0), the start-up condition reduces to R f = R which means that the op amp is operating as a unity gain amplifier (k = 1). The oscillation frequency of the oscillator is given by
which simplifies to 2/LC when r → 0.
Fractional-order oscillator
Now consider replacing the ideal capacitor C in the oscillator in figure 1 with a fractional-order capacitor with impedance Z c = 1/(jω) α C α . The characteristic equation in this case becomes
where
the oscillation start-up condition and oscillation frequency can be obtained by solving the system of equations:
and a sin(
For ideal inductors (i.e. r → 0) the parameter c vanishes, and (9) simplifies to
which, after substituting in (10), yields
In this case, and for α = 1, it can be readily verified that the oscillation frequency is 2/LC with unity gain as start-up condition, as expected from the integer-order case. Figure 2 (a) is a plot of the variation of oscillation frequency and gain k versus α using these design values. The change in the oscillation frequency even for r as large as 100 Ω is found to be insignificant (less than 0.5%), and therefore (11) and (12) are sufficient for design purposes. Note however, that the start-up gain k is significantly high for α 0.5 (see figure 2(b) ) given the gain bandwidth product (GBW ) of typical op amps. For example, at α = 0.5, an op amp with GBW > 280 M Hz is required. For comparison, if an integer-order capacitor (α = 1) of the same value of pure capacitance (C = 10 nF ) was employed in the design, then the resulting oscillation frequency would have been 22.50 kHz with near unity start-up gain. The fact that fractional-order oscillators generate higher frequencies than their integer-order counterparts is well-known and is considered to be the main advantage of these oscillators [12] . However, this comes at a cost as shown in figure 2(b) , which is the higher requirement in the start-up gain to compensate the resistive behavior embedded in the fractional-order capacitors. This does not only apply to the Hartley oscillator under study here but to all other fractional-order oscillators as well [8] . Furthermore, this high gain would imply material design considerations to be used to fabricate the fractional-order oscillators for high frequency applications.
It is worth noting that if we consider the internal resistance of the fractional-order capacitor (R s ), such that the whole component is modeled by the equivalent impedance Z c = R s + 1/(jω) α C α , the oscillator's characteristic equation remains the same with
assuming here that the inductor's internal resistor r = 0.
Comparing (13) to (8) we note that the effect of R s on the oscillator performance is similar to the effect r. Since we found r as large as 100 Ω to have insignificant effect on the oscillation frequency and start-up condition, we conclude that R s will also have a similar insignificant effect if it remains less than 100 Ω. Finally, we evaluate the sensitivity of the oscillation frequency to be
which is significantly small. For example, with the design parameters described above and at α = 0.5, we find dω/ω = 5.18 × 10 −5 .
Experimental
In order to conduct the experimental validation of our analysis above, fractional capacitors were fabricated by sandwiching between two platinum-coated silicon substrates a polymer-based separator formed of P(VDF-TrFE-CFE) mixed with appropriate amounts of reduced-graphene oxide (rGO) filler. rGO was obtained following a six-hour hydrothermal reduction at 180
• C of GO, which was prepared using a modified Hummer's method [17, 20] . The impedance phase shift of the fractional capacitors can be tuned by adjusting the mass loading of the filler rGO material (see ref. [17] for more detail).
The electric characterization of the devices was investigated first, by using a Bio-logic VSP-300 electrochemical workstation operating in potentiostatic mode, and with 25 mV ac amplitude. Subsequently, the oscillator circuit described in figure 1 was constructed using a commercial AD797 operational amplifier biased with ±2 V supplies. The two inductors were measured to have an inductance of L = 1 mH and internal resistance r = 19 Ω. A resistor R >> r was selected to have a resistance of 1 kΩ, and a variable 20 kΩ-potentiometer was used for R f in order to tune the oscillator circuit for start-up.
Results and discussion
Figure 3(a) shows the measured current-voltage phase shift angle which shows a nearly constant value of −54 (i.e. α = 0.6) extending from 10 kHz up to 7 M Hz at different dc voltages biases with the maximum being ± 200 mV . This constant phase behavior can be further seen from the plot of magnitude of impedance versus frequency in a loglog scale in figure 3(b) , and from which we can identify a safe frequency range for operation extending from 10 kHz to 6 M Hz. The characteristic metrics of the fractional capacitors were identified using a nonlinear least-squares fitting algorithm of the impedance data with respect to the model Z c = R s + 1/(jω) α C α [9] . The pseudocapacitance and dispersion coefficient values are plotted together versus the applied dc voltage in figure 3(c) . The average value of C α is found to be approximately 93 nF sec Frequency / Hz internal resistance R s was found always less than 15 Ω as the voltage is scanned from the limiting values −200 to +200 mV . With the selected inductors and resistors, and with α ≈ 0.6 and an average value of C α = 93 nF sec −0.4 , (11) predicts an oscillation frequency of approximately 449.7 kHz, which after substituting in (12) predicts a start-up gain of k = 6.91; i.e. R f ≈ 6.91 kΩ. Practically, the oscillations started at R f ≈ 2.9 kΩ. Re-calculating the oscillation frequency from (11) with this actual start-up value of R f yields the oscillation frequency of 350.1 kHz which is close enough to the measured value of 359.7 kHz, as shown in figure 4(a) . The voltage swing across the fractional-order capacitor is about 172 mV pp , which is within the voltage range set for the impedance spectroscopy measurements. We note that as we increase R f , both the oscillation amplitude and the frequency increase. At R f ≈ 5.5k Ω, the oscillation amplitude reaches approximately 600 mV pp and the measured frequency is 409.8 kHz as shown in figure  4(b) . This behaviour can also be verified using (11) and (12) .
A second fractional-order capacitor device was fabricated with another amount of rGO filler, and characterized in a similar manner. For this device, we found α ≈ 0.74 and C α ≈ 1.54 nF sec −0.26 over the frequency range 210kHz − 6.5M Hz. The variation of the measured phase angle versus frequency for different dc voltages is shown in figure 5 (a) while a Nyquist plot is shown in figure 5(b) .
With these values and with R = 1kΩ and L = 1mH, the calculated oscillation frequency should be around 397.9kHz while from figure 4(c) it is measured in close agreement to be 400kHz with a voltage swing of approximately 300mV pp measured across the device. Frequency / Hz 
Conclusion
We have experimentally demonstrated sinusoidal oscillations generated using Hartley-like fractional-order electronic oscillators of orders 2.6 and 2.7. The order 2 < n < 3 has been achieved thanks to the use of reduced graphene oxide-percolated P(VDF-TrFE-CFE) structures as the source of fractional capacitive behavior with constant phase shift over the frequency range 200 kHz−6 M Hz. To the best of the authors' knowledge, this is the first time in the literature that oscillations in a fractional-order electronic circuit of these orders are shown.
